A new approach to simulating net forest growth is presented. The model is based on density effects on mean crown dimensions and the stem geometry required to counteract the bending moment generated from wind action on the crown. Stem geometry is based on the constant-stress principle of stem formation. Various structural and growth properties of hypothetical loblolly pine stands growing on a range of site indexes and with a range of initial tree densities are calculated with the model and compared with published values and well-known patterns. Size-density relations calculated with the model are consistent with converging, curvilinear lines reported for slash pine and loblolly pine plotted on log-transformed axes. Linear relationships between mean crown length and mean spacing agree with observations from various coniferous species, and culmination of current annual increment corresponds with the rapid changes in canopy structure reported with Sitka spruce. Overestimations of mean annual increment appear to result from differences in canopy dynamics in the loblolly pine plots used to fit the model's regression equations and the canopy dynamics in the loblolly pine plantations used for comparisons. The model has the potential to create an alternative approach for accessing environmental changes on forest growth and yield to complement extant carbon-balance models. FOR. SCI. 59(3):335-344.
T HE SIZE OF TREE STEMS HAS BEEN LONG KNOWN to be a function of crown size (Larson 1963) . Physiologically based growth models incorporate this concept by expressing crown size in terms of the amount of carbohydrate produced by the foliage and partitioning the carbohydrate to the physical structures servicing the crown. Since the introduction of the BIOMASS model by McMurtrie and Wolf (1983) , this approach has produced sophisticated and useful models for linking the environment to forest production (e.g., Valentine 1988 , Aber and Federer 1992 , Cropper and Gholz 1993 , Landsberg and Waring 1997 . Crown size can also be expressed in terms of wind drag. From this point of view, biomechanical principles determine the stem cross-sectional area required to counteract the drag. When combined with population and crown dynamics in a developing stand, biomechanics create a conceptual framework for predicting aboveground stem production without contradicting the principles of carbon balance in biomass accumulation.
Metzger (1893) is credited for adapting the principles of beam mechanics to describe stem size and shape as a function of crown size. He reasoned that efficient allocation of carbohydrate would result in a stem that tapered to equalize wind-induced bending stress along the stem. According to the theory, bending stress is constant when the diameter of a circular beam varies with the cube root of bending moment at a cross section. Bending moment (the turning force) is the product of the force applied to the beam and the distance between the cross section and where the force is applied. The lateral force on the tree is created by frictional drag of wind through the crown, which Metzger equated to the sail area of the crown and lateral wind pressure. The equivalent location where a distributed force such as wind acts on a beam stem is the centroid of the force. Metzger equated the vertical distance between a stem's cross section and the centroid of the crown to the lever arm. Dean and Long (1986) transformed the flexure formula that Metzger (1893) had redefined for trees into a general equation for stem diameter based on the two morphological variables that determine bending moment at a particular height h on the stem, leaf area above h (A Lh ) and the leverage at h, which is the distance between h and the median of A Lh . The equation is called the constant-stress model of stem formation and predicts stem diameter at any height h (D h ) with the equation
where a is the proportionality constant and x ϭ 1 ⁄3 for a circular stem with uniform physical properties that is rigidly anchored and subject to only small deflections from horizontal forces applied to the crown. By transforming Equation 1 into circular area, Dean (2004) demonstrated that the constant-stress model could account for the basal area growth of even-aged stands with discrete changes in crown dimensions. In this way, Dean (2004) was able to quantify stem growth on the basis of not only leaf area but also changes in the vertical structure of foliage, the first time stem growth was related to leaf area and crown structure simultaneously.
The constant-stress model has been confirmed for a range of coniferous species (Jokela et al. 1989 , Dean et al. 2002 , Lundqvist and Elfving 2010 but only by comparing actual stem geometry to the geometry of an ideal, circular, cantilever beam. Direct tests of the principle are nearly impossible because of the difficulty in directly measuring drag in trees and in calculating the propagation stress throughout the stem. Detailed modeling efforts conflict because of the simplifying assumptions necessary to produce tractable solutions (e.g., West et al. 1989 , Morgan and Cannell 1994 , Mattheck 2000 , Niklas and Spatz 2000 . Bending experiments, however, repeatedly confirm that trees respond to experimental manipulations of sway (Jacobs 1954 , Dean 1991 , Valinger 1992 , Meng et al. 2006 . Regardless of the status of the principle as a verified mechanism of stem formation, the concept as expressed by Equation 1 has proven useful in relating stem diameter to crown morphology Baldwin 1996, Meng et al. 2007 ). This situation is analogous to Valentine and Mäkelä's (2005) use of the pipe model of Shinozaki et al. (1964) as a means of calculating stem respiration in a carbon-balance model; i.e., the model may not be correct in every detail, but it adequately quantifies the sapwood in the stem and, thus, carbon lost from stem respiration.
Most silvicultural treatments affect the accumulation and distribution of leaf area (Long et al. 2004 ). A growth model based on Equation 1 can provide simple analyses of the response of stand production to changes in canopy dynamics and possible novel explanations for observed trends. For example, Dean (2004) found that for growth efficiency in terms of basal area increment per unit leaf area to remain constant in developing loblolly pine plantations, the product of leaf area and leverage must constantly increase above a specific rate; otherwise, efficiency drops. At any point during stand development, the volume of the average tree can be determined by the current combination of average leaf area per tree and the average vertical distribution of leaf area. Growth would be the simple difference between volumes at two points in time. The objective of this article is to present such a model and evaluate the model with respect to known patterns of stand growth.
The Model
The model proceeds by rotating through two modules on an annual basis. The first module calculates the amount and vertical distribution of leaf area of the average tree in the stand. The second module calculates mean stem volume from the leaf area characteristics. The first module represents the effects of population density, age, and site quality on the size and shape of the live crown. This module is largely empirical in this model version, but it could be replaced with process-oriented algorithms that simulate the amount and vertical distribution of leaf area. The second module represents the effect of the constant-stress principle of stem formation on stem size and taper.
The model is coded as a data step in SAS (version 9.1; SAS Institute, Inc., Cary, NC) and requires site index (mean height of the tallest half of the trees at age 25 years) as a measure of site quality and number of surviving trees per ha at a starting age as a measure of stand density to start. Growth is simulated each year, at which point new values for stand density and average tree height are predicted. Together with site index, these variables determine crown length, total leaf area, and leaf area distribution. These values are used by the constant-stress model to compute diameters along the stem at fixed heights, including quadratic mean dbh. Total volume of the average tree is obtained by summing all sections. The above steps allow the computation of leaf area index, stand basal area, stand volume, mean annual increment (MAI), and current annual increment. The process is repeated until the end of the desired growing period is reached.
Stand Survival
Changes in tree density are predicted with a modified version of the stand survival system from Cao et al. (2000) . Current stand survival (N i ) at time i is predicted from stand size and density of the previous year as follows:
where Q iϪ1 is quadratic mean diameter (cm) at time i Ϫ 1, Q m, iϪ1 is maximum attainable stand diameter (cm) for a given stand density at time i Ϫ 1, N iϪ1 is number of trees per ha at time i Ϫ 1, N m, i is lower limit of stand survival at time i subject to maximum mortality, b 1 is a regression coefficient, and is random error. The time course of maximum quadratic mean diameter (Q m, i ) follows the selfthinning curve
where b j 's are coefficients estimated with nonlinear regression. The lower limit of stand survival for the next year (N m, iϩ1 ) is given by
where t i and t iϩ1 are stand ages in years at times i and i ϩ 1, respectively.
Heights
Mean tree height (H T , in m) and mean height to the crown midpoint (H MC , in m) are calculated with empirical functions of stand age (t), site index (SI), and stand survival (N, in number of trees per ha) at age t:
and
Mean crown length (CL), mean live crown ratio (CR), and mean height to the base of the live crown (H B ) are calculated from H T and
Leaf Area
Mean leaf area per tree (A L , in m 2 ) is predicted from a best-fit equation:
Roberts et al. (2003) developed similar equations for calculating tree leaf area with various height measurements. Leaf area distribution on an average tree is assumed to follow an S B function (Jerez et al. 2005) . The cumulative fraction of leaf area, F(x), from the crown tip to any point x within the crown is (8) where x ϭ (H T Ϫh)/CL, h is height from the ground to that point, ⌽( ⅐ ) is the standard normal cumulative distribution function, and ␥ and ␦ are S B shape parameters. The parameters ␥ and ␦ are computed from the predicted 15th (x 15 ) and 50th (x 50 ) percentiles of leaf area by use of the following system developed by Jerez et al. (2005) 
where z 15 is z of the normal distribution at the 15th percentile of leaf area.
Diameters
The constant-stress model (Equation 1) cast as a regression model is
If the value of h is inside the crown, the cumulative fraction of leaf area (p) from the crown tip to h is computed by use of Equation 8, i.e.,
Stem diameter at that point is computed from Equation 13 with
where
is the inverse cumulative density function of the standard normal distribution. If the diameter point is below the crown, A Lh from Equation 13 is leaf area of the entire crown or A L , and S h is given by
) is height to the median of leaf area. The predicted diameter at h ϭ 1.37 m is assumed to represent quadratic mean diameter (Q, in cm) of the stand (Dean and Long 1992) .
Volume
Stem taper is generated by calculating values of d h at 0.1-m intervals. Outside bark volume of the jth section (V j , in m 3 ) is computed by use of Smalian's formula as follows:
where K ϭ /40,000 is a constant to convert diameter from centimeters into area in square meters, l j ϭ 0.1 m is section length, and d 1j and d 2j are diameters in centimeters at both ends of the section. Finally, total volume of the average tree is obtained by summing all sections. Smalian's formula, which assumes that the section is a paraboloid, should be adequate for computing volumes of 0.1-m sections (Figueiredo Filho et al. 2000) .
Coefficients
Coefficients for the model's equations were estimated from fits of the equations to data or were taken from the literature (Table 1) . When coefficients were determined from data, models were fit with a derivative-free, curvilinear regression algorithm. Coefficients in Equations 2, 3, 4, 5, and 6 were determined with loblolly pine data collected from repeatedly measured plots originally established by the USDA Forest Service, Southern Research Station for developing growth-and-yield equations. The data are described in detail by Baldwin and Feduccia (1987) . Trees ranged in age from 11 to 45 years and were measured either once or two to four times at 5-year intervals. Plots were located in Louisiana, eastern Texas, and western Mississippi. Coefficients in Equations 7 and 13 were estimated with loblolly pine data collected from 158 destructively measured trees ranging in age from 4 to 36 years. The 4-year-old trees were measured in eastern Texas, and the 36-year-old trees were measured in southeastern Louisiana. The sites and procedures for measuring these trees are described by Dean et al. (2002) . The 14-year-old trees were located in central Mississippi. The site and procedures for measuring these trees are described by Roberts et al. (2004) . The 10-year-old trees were measured in southeastern Mississippi. The sites and procedures for measuring these trees are described by Roberts et al. (2003) .
The estimated values of the coefficients agree with previous observations. Toward the upper end of stand density, mean tree height is negatively affected by density (Jack and Long 1991) , which accounts for the negative exponent for N in Equation 5 (b 11 ). The positive exponent for N in Equation 6 for calculating height to the middle of the crown (b 15 ) is consistent with the inverse relationship between mean live crown ratio and stand density demonstrated for a number of coniferous species by Long (1985) . This relationship results in increasing height to the middle of the crown with increasing density with age and site quality held constant. The exponent for mean tree height in Equation 7 (b 17 ), 4.0378, is similar to the exponent estimated by Roberts et al. (2003) when fitting leaf area per tree to a power function of mean height. The fitted exponent for the constant-stress model (Equation 13, b 30 ) is only 4% larger than the theoretical value of 1 ⁄3.
Results and Discussion
To demonstrate stand development patterns produced by the model, the model was run with nine combinations of site index and initial trees/ha (SI ϭ 12, 18, and 24 m at 25 years and N 0 ϭ 1,200, 1,800, and 2,400 trees/ha) for 35 years (t ϭ 10 through 45 years) in yearly increments.
The time courses of size and density calculated with the model are consistent with the converging curvilinear patterns for a range of initial tree densities such as those shown by previous investigators (Smith and Hann 1986 , Tang et al. 1995 , Cao and Dean 2008 (Figure 1 ). The length of the size-density trajectories is correlated to site index, corresponding to the slower rate of stand development on poorer sites. Stand development is so much slower with SI ϭ 12 m that a stand on such a low-quality site would need an additional 45 years for its trajectory to reach the same value of Q attained at age 45 years by a stand on a site with a site index of 24 m. In contrast, a stand growing on a site with a site index of 18 m would need an additional 15 years.
When the projection length is set to reach a specified average stand diameter instead of a specified age, the converged lines stack according to site index (Figure 1 ). Mathematically, for a given value of N, smaller diameters are calculated for stands on the poorer sites due to smaller values of mean leaf area per tree, which is a direct result of shorter trees and crown lengths (Equations 5 and 6). The lower leaf areas translate into smaller values of Q and V. Mathematical analysis of the origins of the self-thinning equation, either in terms of mean tree volume or average stand diameter, typically shows a dependence of the intercept of the log-transformed equation on site quality (e.g., Tang et al. 1994 , Hamilton et al. 1995 , Bi 2001 . Verifying such an effect with field data is difficult (Tang et al. 1995, Jack and Long 1996) , but it has been shown for loblolly pine grown in South Africa (Strub and Bredenkamp 1985) . Various studies indirectly support the idea that site index affects the height of the self-thinning curve through its positive relationship with leaf area index. Hamilton et al. (1995) showed analytically that the intercept of the log-transformed self-thinning equation is a function of leaf area index, and Long and Smith (1990) showed that site index for lodgepole pine (Pinus contorta var. latifolia Engelm.) is correlated with leaf area index. Dean and Long (1985) , working with data published by Cannell (1982) , found that trees per ha and foliage mass per hectare explained more than 75% of the variation in mean stem weight for five tree genera. If that holds true for other species, by fixing foliage mass at different levels, the regression equation for Pinus published by Dean and Long (1985) could reproduce the correlation between the relative height of the size-density trajectories and site index produced by this model. According to the model, the time course of mean crown length is linearly related to mean distance between surviving trees (Figure 2 ). Like the size-density trajectories, the lines representing the various initial tree densities converge to common lines stacked according to site quality. The shorter crowns at the wider spacings with decreasing site quality occur due to shorter trees and smaller heights to the middle of the crown (Equations 5 and 6). Literature values of mean crown length and mean intertree distance for loblolly pine lie above and below the line formed with the simulated values (Figure 2 ). Ordinary least-squares regression through these points produces the equation CL ϭ 2.7 ϩ 1.0 S T , where S T is the mean intertree distance, which is similar to the equations fit to the simulated data. Linear relationships between mean crown length and intertree distance have also been reported for radiata pine (Pinus radiata D. Don) in New Zealand (Beekhuis 1965) , Sitka spruce in Wales, UK (Picea sitchensis [Bong.] Carr.), and loblolly pine in the western extent of its range in the southern United States (Valentine et al. 1994) .
The curved tails at the left end of the lines relating mean crown length to mean intertree distance represent the period of development before stem exclusion as the crown length extends with tree height until canopy closure initiates selfpruning (Figure 2) . During this period, the rate change in height exceeds the rate of change in live crown length, resulting in a rapid decline in the mean live crown ratio, according to the model (Figure 3a) . After mean live crown ratio reaches a minimum, it begins to increase slowly with increasing mean live crown length. The minimum live crown ratio probably corresponds to the onset of the stem exclusion phase of stand development as defined by Oliver (1981) . As the hypothetical stands develop toward self-thinning, the relationship between live crown ratio and crown length converges for all initial densities within a site index. During this segment of the curves, mean tree height is shorter on the poorer sites and tallest on the best sites for a given value of CL, resulting in the stacking of the converged lines according to site quality (Figure 3a) . From the onset of stem exclusion through self-thinning, mean crown length increases nearly 4 m, but different rates of self-pruning and height growth result in only a small increase in mean live crown ratio, from a low of approximately 0.25 to a high of approximately 0.30. Ford (1982) hypothesized that the culmination of current annual increment in pole-sized Sitka spruce stands occurred during rapid redistribution of foliage in the crowns. The crown relationships calculated with the model appear to support this hypothesis. Whereas Ford (1982) suspected that the production peak was due to positioning of a greater proportion of new, more efficient foliage at the top of the tree during this period, the model suggests that for loblolly pine the culmination of current annual increment is due to a rapid increase in the amount of leverage exerted on the stem (Figure 3b and c) . More precisely, the rising edge of the peak in the current annual increment corresponds with the sharp increase in leverage, and the peak value of current annual increment corresponds with the inflection point of the curve between leverage and mean live crown length. After this inflection point, current annual increment starts a steady decline although leverage continues to increase. Part of this decline is explained by mortality, but part is also due to the slower basal area increment. According to the analysis conducted by Dean (2004) , constant basal area increment requires some minimum rate of increase in the product of leverage and leaf area; below that rate, basal area increment and, presumably, current annual increment will fall.
Values of Q projected with the model increase with age and with increasing site quality (Figure 4a) . The resulting curves, however, are concave, indicating that the diameter growth is increasing with age. Although convex curves are more typical, the projected accumulation of diameter matches the overall pattern in diameter growth observed in the loblolly stands whose data were used to fit Equations 5 and 6 (Figure 4b) . According to the model, initial tree density has only a small effect on the value of Q in contrast to the observed density effect on diameter. Equation 13 has no parameter to account explicitly for density: density effects originate from the equations to predict mean tree height and mean height to the middle of the crown (Equations 5 and 6, respectively) that are subsequently used to calculate leverage and leaf area. Apparently, the effects of tree density in the model are insufficient to create the spread of average stand diameter seen in the field data. Whereas Dean et al. (2002) noted that open-grown slash pine trees had higher values of the proportionality constant in the constant-stress model (Equation 1) than slash pine trees grown at higher stand densities in plantations, the bulk of evidence suggests that the source of this error lies in calculating the effect of density on mean crown properties. Both Dean and Long (1986) and Meng et al. (2007) fit Equation 13 to lodgepole trees (512 and 3,480 trees, respectively) and found no bias in the fit due to stand density. Densities in those studies ranged from 530 to 5,600 trees/ha in the first study and from 3 to 93% relative density in the second study. Lundqvist and Elfving (2010) fit the constant-stress model to data from Scots pine (Pinus sylvestris L.) that was planted to produce localized ranges of growing space from 0.7 to 1.4 m 2 and found no density effect on the fit after 14 or 16 years of growth.
MAI calculated with the model follows the classic pattern of culminating at a higher value and an earlier age as site index increases (Figure 5a ). The model also indicates that MAI culminates at higher values and earlier ages as initial tree density increases for a given site index. The values calculated with the model fall within the range of the values for the plots whose crown data were fit to Equations 5 and 6, although the shape of the curves differs (Figure 5b ). Compared with published values of MAI for loblolly pine, however, the values calculated with this model are high. For example, Hennessey et al. (2004) reported an average MAI for unthinned, 24-year-old loblolly pine stands of 7.5 Mg ha Ϫ1 year Ϫ1 compared with a calculated value of 14.6 Mg ha Ϫ1 year Ϫ1 . One obvious source for differences between measured and calculated value of MAI is different survival rates. Another source is differences in stem form.
Comparison of model calculations with the published chronology of stand development for a spacing study at Calhoun Experimental Forest in South Carolina suggests that the overestimation of MAI is again due to differences in crown dynamics. Balmer and Jorgensen (1975) , Harms and Lloyd (1981 ), DeBell et al. (1989 ), and Buford (1991 published plot means of stem and crown metrics for this study at 5-year increments from 15 to 30 years. These data are compared with the values calculated with the model with N 0 set to the surviving trees/ha at age 15 years. The model projects much higher values of MAI through time than the actual values (Figure 6a) , nearly twice the value at age 30 years for the plots with the highest tree density. Model projections of survival do not account for the difference because the model predicts lower survival for all plots than was measured (Figure 6b ). The discrepancy in calculated and measured values of Q would seem to account for the differences in the calculated and measured values of MAI because the model tends to underestimate average stand diameter at young ages and overestimate it at older ages ( Figure 6c ). This results in increasing overestimates of mean stem volume with average stand diameter (Figure 6d ). Because the calculated values of mean tree height agree well with measured values of mean tree height with the exception of one spacing (Figure 6e ), the overestimation would seem to arise from the constant-stress model overestimating D h . This theory seems unlikely, however. When comparing the predicted and actual stem diameter, Dean et al. (2002) found that the constant-stress model produced unbiased estimates of D h for 70% of the stem length for 30 loblolly trees ranging in height from 11 to 26 m. The model overestimated stem diameters in the upper 20% of the stem and 10% of the lower stem by approximately 20%: not enough, however, to account for the large discrepancy between calculated and measured values of MAI. Furthermore, with the published crown information for the last two measurement periods, calculated values of Q were on average only 5% larger than the corresponding field values (Figure 6f ). Regional differences in the effect of tree density on vertical crown dimensions could cause the model to overestimate stem diameter and stem growth. Data on crown length collected over a wider region may produce a more general characterization of the effect of stand density on crown length and improve the accuracy in predicting average stand diameter and volume with this model.
Silviculturists work under the assumption that density and site quality effects on stand growth can be traced to canopy dynamics (Larson 1963 , Long et al. 2004 . The model presented here uses simple beam theory to connect canopy dynamics with stand growth by calculating the cross-sectional area needed to counteract the bending stress caused by wind sway. Overall, the model recreates developmental patterns of loblolly pine stands quite well. Discrepancies between model simulations and field data were most severe where observed canopy dynamics did not match simulated dynamics. The most uncertain component of the model is simulating average crown length without stem diameter as a predictor variable. We analyzed several approaches including the tree-spacing approach of Valentine et al. (1994) , but the best approach based on fit and model stability was to calculate crown length from mean height to the middle of live crown predicted from age, site index, and trees/ha (Equation 6 ). This equation did not represent the full range of possible tree density effects on the crown dimensions of loblolly pine, however, because of the data available to fit the model. The overall accuracy of the model is likely to be improved with data from a geographic region larger than the western Gulf region of the United States. Other possible modifications to the model include calculating merchantable volume because stem diameter is calculated every 0.1 m of stem height and incorporating thinning effects because thinning temporarily fixes the bottom of the crown.
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